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Miniaturized Tables of Bessel Functions. III* 

By Yudell L. Luke 

Abstract. After the manner of our previous studies, coefficients for the expansion of 
-4(z) and Y,(z) in double series of Chebyshev polynomials are presented. For J,(z), the 
rangesare(1)0 < z ? 8,0 5 v 5 4,(2)0<z 8,4? ?8.ForJ,(z)+iY,(z),the 
ranges are z 2: 5 and 0 ? v .? 1. The coefficients are given with sufficient accuracy to enable 
the evaluation of the Bessel functions to at least 20 decimals. 

1. Introduction. In previous studies [1], [2], we considered the expansion of two 
parameter functions in a double series of Chebyshev polynomials and developed 
coefficients for the evaluation of K,(z) and Iv(z) over a large part of the real z and 
v lines. In the present paper, we give similar type coefficients for the evaluation of 
J4(z) and Y,(z). 

2. Chebyshev Expansion for J,(z). From [3, Vol. 1, p. 212 and Vol. 2, p. 35], 
0 

(1) JV(Z) = Z 2 Ak(', X)T2k(z/X), 0 < z 5 X0 
k-O 

(2) Ak(Y, X) = Gk(V, X)/2'r(v + 1), 

'E.(-)r(v + 1) + k 
(3) Gk(v, X)2-4kk rIk++l x2 /4) (=2 lr(k + v +T) I + 2k, v + I + k 

2G^(v, X)_ (k + 1) 16(k + 1)(k + v + 1) 
(4) -m (k + 2) {Gh+l(v, X) - Gk+3(V, X)} G+,(v, )) 

+ 16(k + l)(k + 2 - v)}Gk+2(V X), 

where 

(5) o0=1, I k=2 fork>O. 

It is readily shown that 

(6) Gk(~~~~, X) ~ ek(-)k X 2k 
(6) G (v, X) 2 4k(&(k! )2 [1 + O(k-')], 

and for v and X fixed, 
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(7) lim Gk(v, X) = 0. 

Thus, the expansion (1) converges and by letting z 0, we have the useful normaliza- 
tion relation 

(8) E (-)kAk(v, X) = 1. 
k-0 

Further, after the manner of the discussion presented in [3, Vol. 2, pp. 159-166], 
we can show that use of the recursion formula (4) in the backward direction is con- 
vergent. Thus, for a fixed X, we can generate the coefficients A,(v, X) for any given 
value of v. Then, following the discussion given in [1], we can develop coefficients 
Drk(X) such that 

(9) A*v K yD,>T*( S ) s5 v ;5 S + t. 

We remark that 20 decimal values of Ak(v, X) are given in [3, pp. 331, 332, 352-356J 
for X = 8 and v = 0, it, ii, 4a, 4-, it, 1. Coefficients for the evaluation of 
Yo(z) and Y1(z) for 0 < z < 8 are also given in [3, pp. 331, 332]. 

We next present a descending type expansion in series of Chebyshev polynomials 
for the evaluation of J,(z) and Y,(z) in the vicinity of z = + c. Now, 

(10) H 1l(z) = --i2e-itX2R (Ze- /2 

and from [1], we have 

(1 1) K,(z) = (ir/2z)'12e- E Gk(v, X)Tk*(X/z), X fixed, X/z 5 1, jarg zj < 3Xr/2. 
k-O 

The recursion formula for Gk(v, X) and other properties of these coefficients are given 
in [1]. If we write 

H2( (z) = J, (z) + i Y(z) 
(12) co 

- (2/z12ei(s-PT'2-"/4) E Hk(v, X)Tk(X/z) 
k-O 

then the recurrence formula and other properties of the coefficients Hk(v, X) follow 
from those for Gk(v, X) upon replacing X by Xe&'12. We have the normalization 
relation 

(13) E (_)kHk(V, ) = 1 
k-o 

and from [1], use of the backward recurrence relation for Hk(v, X) is convergent pro- 
vided jarg XI < 7r/ 2. 

3. Numerical Results. From (1) and (9) with a slight change of notation, we 
have 

co 

(14) J,(z) = z' E Ak(v)T2k(z/8), 0 < z < 8, 
k-0 



MINIATURIZED TABLES OF BESSEL FUNCTIONS 239 

(15) A*(V) = E D t) s : v ! s +:. 

In Tables 1 and 2, in the microfiche section of this issue, we present values of Dr, k 

which were computed by the technique depicted in [1] for s = 0, t = 4 and s = t = 4, 
respectively. Values of r(v + 1) required in the numerics were obtained by use of the 
schema of my previous paper [4]. Numerous checks were made on the coefficients. 
They are of the type previously discussed in [1], [2] and we dispense with further 
details. The computations were designed so that the coefficients for 0 ? v ? 4 are 
accurate to about 25D while those for 4 < v ? 8 are accurate to about 27D. To evaluate 
J,(z), we must incorporate the value of z'. As 0 < z ? 8, we see that the coefficients 
are sufficiently accurate to produce J,(z) to about 20 decimals at least. 

Now, 

(16) Y,(z) = (csc vir)[(cos VT) J,(z)- .L,(z)] 

and both J,(z) and Y,(z) satisfy the same recurrence formula 

(17) J4+i(z) + J,-.(z) = (2v/z)J,(z). 

Further, the recurrence formula for J4(z) is always stable in the backward direction, 
but only conditionally stable in the forward direction. On the other hand, the recur- 
rence formula for Y,(z) is always stable in the forward direction. Thus, with the 
aid of the coefficients just described and the recurrence formulas, we can evaluate 
Y,(z) for all z such that 0 ? z < 8 and all v > 0, v an integer excepted. We have 
already referred to the availability of coefficients to compute Y0(z) and Y1(z). These 
together with the recurrence formula for Y,(z) can be used to generate values of 
Y.(z), n = 2, 3, *- * . As use of the recurrence formula in the forward direction for 
J,(z) is limited, we leave for a future paper the development of Chebyshev coefficients 
for 0 ? z ? 8 andv > 8. 

Using (12) with a slight change of notation, we write 

(18) J, (z) + i Y,(z) = (2/7rz)l/2ei(8PT/2T/4)X H (v)TA*(5/z), z ! 5. 
k-O 

Let 

(19) Hk(V) = z E,,kT,*(v), 0 S v ? 1. 
v-O 

Table 3, also in the microfiche section of this issue, lists values of the real and imag- 
inary parts of E, kt These were obtained and checked by the methods previously 
described and we omit further details. The coefficients are sufficiently accurate to 
produce values of J,(z) and Y,(z) for v and z as noted to about 25 decimals. Since 

(20) Y-,(z) = (cos vr) Y,(z) + (sin vir) J,(z), 

(21) J.,(z) = (cosvT)J,(z) - (sin vr)Y(z), 

the coefficients E,.,, together with the recurrence formula for Y,(z) enable the evalua- 
tion of Y,(z) for all v > 0 and z 2 5. A like statement cannot be made for J.(z) as 
use of the recurrence formula in the forward direction for J.(z) is limited. We defer 
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the development of coefficients to facilitate the evaluation of J,(z) when both v and 
z are large to a later paper. 
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CORRI GENDA 

Yudell L. Luke, "Miniaturized Tables of Bessel Functions. 

II," Math. Comp. 25(1971), 789-795 and the accompanying 

microfiche. 

This concerns only the coetficients in the expansion of 

IV() = (2Mz)'eZ 2 Kk(v) Tk* (8/z), z > 8 
k=0 

(9) = 2Er Tr *() J 
0 < < 1- Mkv)r,,kr 

rco 

In the above paper, I gave th E 's tor k = O(1) 20 and r,k 
all r whicb do not vanish to 22 decimals. For k = 21, only 

the coetticients tor r = O(1)5 were given. It was stated 

that the coerricients are sutticiently accurate to enable the 

computation of e (rZ (2z) I (z) to about 22 decimals. Un- 
V 

fortunately, as the paper stands) only about 15 decimal 

accuracy is possible because inadvertently the pertinent 

E 'ts ror k = 2D(1)40 were omitted. The missing coeftioients r k 

are supplied here 

Actually)all the coefficients ror the above expansion are 

given for the sake or completeness. 

Yuadell L. Luke 

University of Missouri 
Kansas City, Missouri 64110 
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0 -0.00000 00019 78212 12066 64 0 -0.00000 0000? 30866 32786 40 
1 -0.00000 00102 08031 71716 72 1 -0.00000 00014 936S2 77992 09 
2 0.00000 00014 85)19 69317 49 2 0.00000 00006 41464 43619 IS 
3 0.00000 uooll 76123 57379 91 3 0.00000 00001 79069 1074? *0 

-0.00000 00000 SRO" S980? 29 4 -0.0000 oo00000 32505 70263 lB 
s -0.00000 000oo 31921 89916 04 5 -0.00000 00000 05057 01334 39 
6 0.00000 00000 00907 2483 92 6 0.00000 00000 OOSS4 S094q 13 
7 o.ooo000 00000 o1349 6250 02 7 0.0o0000 0oo0 0005s 87771 33 
8 -0.00000 00000 0006 10226 41 8 -0.00000 00090 00004 70904 90 
9 -0.00000 00000 00001 89674 45 9 -0.00000 00000 00000 32532 31 

10 0.00000 00000 00000 0327A 06 10 0.00000 00000 00000 02342 44 
it 0.00000 00080 00000 OoS6* 71 11 0.00000 00000 00000 0009s 65 
12 -0.00000 00000 00000 00012 91 12 -0.00000 00000 00000 o0oot 4s 
13 -0.00000 00000 000o 0 000o0 97 13 -0.00000 0000n 00000 0oo0o0 1 
14 0.00000 00000 00000 00000 03 1* 0.00000 00000 00000 00000 02 

r Er IIL 3' k - 8 r Er, k k a 

0 -o.oo000 00002 !1680 6072n 02 0 -0.00000 00000 41980 5s790 89 
1 -0.00000 00000 46346 89513 21 1 0.00000 OO6 A9743 7*526 40 
2 0.00000 00062 23822 07317 *7 2 0.00000 00000 45586 98357 S5 
3 0.00000 00000 07897 SS*S 06 3 -0.00000 OnOO 09775 82*30 10 
* -0.00000 04000 11219 289S5 25 4 -0.00000 00000 02340 53848 72 
5 -0.00000 00000 00235 05707 69 5 0.00000 00000 00o29 36821 34 
6 0.00000 09000 00198 78308 17 6 0.00000 00000 00041 44833 Al 
7 0.00000 00000 00002 14048 la 7 -0.00000 00000 00003 6258% 15 
9 -0.00000 00000 00001 71492 *a 8 -0.00000 0000n 00000 34S47 1S 
9 -0.00000 00000 00000 00306 26 9 0.00000 00000 o0o00 02647 09 

10 0.00000 00000 00000 0083S SS 10 0.00000 00000 00000 00153 59 
11 -0.00000 00000 00000 00006 31 11 -0.00000 00000 00000 0001? 07 
12 -0.00000 00000 00000 00002 '8 12 -0.00000 00000 00000 000on 37 
13 0.0noo0 00000 00000 00000 04 13 .000o00000 on 00000 06000 04 

r k,k' * 10 r r r k k - 11 

a 0.00000 00000 01769 02144 A8 0 0.00000 00000 04375 77462 10 
1 0.00000 00000 38545 06A3A 43 1 n.00000 00000 05431 20942 97 
2 -0.00000 00000 0063S 29497 76 2 -0.00000 00000 04288 7409S 01 
3 -0.00000 @0000 04402 50830 16 3 -0.00000 00000 00649 *174) 31 
4 0.00000 00006 00025 694S6 29 4 0.00000 00000 00219 68452 22 
5 0.00000 00000 On026 65201 78 5 0.00000 00000 00018 36896 61 
6 -0.00000 00000 00000 92934 20 6 -0.00000 00000 00004 1450o 08 
7 -0.00000o 00000 00001 S8474 08 7 -0.00000 OSOCO 00000 2103S 45 
a 0.00000 00000 08000 01884 so 8 0.00000 00000 00000 03974 60 
" 0.00000 00000 00000 01063 97 9 0.00000 00008 00000 00114 58 

10 -0.00000 00000 00000 00019 24 10 -0.00000 00000 00000 00022 48 
11 -o.oonoo 00000 00000 00004 25 It -0.00000 00001 00000 00000 27 
1? 0.00000 00000 0000 ooooo It 12 0.00000 00000 00000 00000 08 
11 0.00000 00000 00000 o000n 01 

2$ 
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0 0.00000 00000 0120?2 4744 S3 0 -0.00000 00000 00116 71293 14 
1 -6000000 00000 02020 10084 96 1 -0.00000 00000 01120 18590 69 
2 -0.00000 00000 01269 1331S 16 2 0.00000 00000 00092 51424 40 
3 0.00000 00006 00224 S5057 76 3 6.00000 00000 00129 2S3S 13 
4 0.00000 06000 0006S 53275 44 4 -0.00000 00000 00004 83236 Al 
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0 -0.00000 00000 00160 76S26 03 0 -0.00000 00000 00021 02319 23 
1 -0.00000 00000 00OS2 1660S S2 1 0o0o000 00000 00116 7215 S4 
2 0.00000 @0000 00161 99991 7S 2 0.00000 00000 00023 7S611 36 
3 0.00000 00000 00006 69416 97 3 -0.00000 00000 00013 62902 66 
4 -0.000.0 00000 00006 43079 67 4 -0.6.00. 00000 00001 226" 07 
5 -0.00000 00000 00000 17039 12 S 0.00000 00000 00000 40915 14 
6 0.00000 00000 00000 16088 04 6 0.00000 00000 00000 02134 7S 
7 0.00000 00000 00000 00123 39 7 -0.00000 00000 00000 OOSSS 34 
A -0.00000 00000 00000 0015S 23 8 -0.00000 00000 00000 00016 64 
9 0.00000 00000 00000 00000 36 9 0.00000 00000 00000 00004 22 

10 0.00000 00000 00000 00000 66 10 0.00000 @0000 @0000 00000 06 
11 -0.00000 00000 00000 00000 01 11 -0.00000 00000 00000 00000 02 

r "rF k k a 16 r kr,k' k - 17 

0 o 000000 00000 oo OlS 71000 60 0o 0 00000 00000 00005 16156 99 
1 0.00000 00000 00028 26021 77 1 -0.00000 00000 00010 7S033 89 
2 -0.00000 00000 0001S 4205S 63 2 -0.00000 06000 OOOOS 44377 21 
3 -0.06000 00000 00003 32009 33 3 0.00000 00000 00001 22976 90 

0 .00000 00000 00000 81110 74 4 0.00000 00000 00000 24"02 63 
S 0.00000 00000 06000 0961S 41 S -0.00000 00000 00000 03766 52 
6 -0.00000 00600 00000 01606 73 6 -0.00000 00000 00060 00526 39 
7 -0.00000 00000 00000 00118 09 7 0.00000 00000 06000 00054 09 
8 0.00000 00000 04000 00016 53 8 0*00000 00000 00000 00004 at 
9 0.00000 00000 00000 00000 74 9 -0.00000 00060 00000 00006 4 

10 -0.00000 00000 00000 06000 10 10 -0.00000 00000 00000 00000 02 

29 



AK 5 l continue) 

Coetttoeuat in the Zqensioce of 

X,(s) a (2vm)4e'ZM(v)C(a/s) , *2s 
km0 

I(V) tE,k4;(V) ,Otavta l 

r zr,k' k n 18 r tr,k' k 1L 

? -0e00000 00000 00001 41637 33 0 e0.00000 00000 00000 86469 63 1 -0e00000 00000 00005 16350 90 1 0.00000 00000 00000 94870 21 2 0.00000 00000 00001 35183 84 2 0.00000 00000 00000 89618 69 
3 0.00000 00000 00000 60297 46 3 -0e00000 00000 00000 10814 39 4 -0*00000 00000 00000 07203 72 4 -0900000 00000 00000 04707 93 
S -0900000 00000 00000 01784 52 S 0.00000 00000 00000 00343 60 6 0*00000 00000 00000 00148 78 6 0.00000 00000 00000 00099 79 
7 0900000 00000 00000 00023 13 7 e0900000 00000 00000 OOOOS 21 8 e000000 00000 00000 00001 63 8 -0e00000 00000 00000 00000 86 9 e0900000 00000 00000 00000 16 9 0.00000 00000 00000 00000 05 

10 0.00000 00000 00000 00000 01 

r &rk' k- a20 r rk ka 21 

0 0.00000 00000 00000 13296 IS 0 0.00000 00000 00000 13621 10 
1 0.00000 00000 00000 81839 70 1 e0@00000 00000 00000 09393 28 2 -0.00000 00000 00000 12253 81 2 e000000 00000 00000 14033 00 
3 -0.00000 00000 o0ooo 09552 00 3 0.00000 00000 00000 01067 32 
4 0.00000 00000 00000 00663 96 4 0.00000 00000 00000 00740 94 
Si 0.00000 00000 00000 00286 14 5 e0@00000 00000 00000 00035 14 6 e000000 00000 00000 00014 42 6 0.00000 00000 00000 00014 33 7 -0.00000 00000 00000 00003 80 0-OOOOO 00000 00000 00000 57 a 0.00000 00000 00000 00000 17 8 000000 00000 gg00g gOOOg 14 9 0*00000 00000 00000 00000 03 9 -0.00000 00000 OOOOO OOOOO O1 

r Br,,k I a22 r N rk k a 23 

0 -0.00000 00000 00000 01546 44 0 -0.00000 00000 00000 021714 39 
1 -0.00000 00000 00000 12886 32 1 0.00000 00000 00000 0130Z 2 0.00000 00000 00000 01389 77 2 0.00000 00000 00000 02238 56 
3 0.00000 00000 00000 01506 04 3 -0.00000 00000 00000 00348 48 4 -0.00000 00000 00000 00076 51 4 -0.00000 00000 00000 00118 62 
5 -0.00000 00000 00000 00045 44 5 0.00000 00000 00000 00004 97 6 0.00000 00000 00000 00001 73 6 0.00000 00000 00000 00002 31 
7 0.00000 00000 00000 00000 61 7-0.00000 00000 00000 00000 08 8 -0.00000 00000 00000. 00000 02 . 00000 00000 00000 00000 02 
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TAKE 3 (Continued) 

Coerricients In the Expansion of 

I (S) a(2-Xz) -18 14 ^ wTi(8/2) 2 8 

r Brt]CIC 24 Br lctIC k 2 2 EkTr () , 0 1 

r k ,rk k 4 r Er k kZaS2 

0 0.00000 00000 00000 00263 37 0 0.00000 00000 00000 00355 89 
1 0000000 00000 00000 02085 63 1 -0000000 00000 00000 00271 33 
2 .0.00000 00000 00000 00240 75 2 -0.00000 00000 00000 00367 41 
3 -0.00000 00000 00000 0024 23 3 0.00000 00000 00000 00031 Z6 
E4~ 0.00000 00000 00000 00013 28 4 0.00000 00000 00000 00019 51 
5 0.00000 00000 00000 00007 40 5 .000000 00000 00000 00001 0 
6 00O0000 00000 00000 00000 30 6 -0.00000 00000 00000 00000 3U 
7 -0.00000 00000 00000 00000 10 7 0.00000 00000 00000 00000 02 

r Nr kv k = 26 r 1r' ak a 27 

0 -0.00000 00000 00000 00060 77 0 .0.00000 00000 00000 00058 49 
1 -0.00000 00000 00000 003144 51 1 0.00000 00000 00000 00069 
2 0.00000 00000 00000 000?5 78 2 0.00000 00000 00000 00060 72 
3 0.00000 00000 00000 00040 43 3 -0.00000 00000 00000 00008 05 
4 -0.00000 00000 00000 00003 16 4 -0.00090 00000 OOQ00 00003 23 
5 -0.00000 00000 00000 00001 23 5 0.00000 00000 00000 00000 26 
6 0.00000 00000 00000 00000 07 6 0.00000 00000 00000 00000 06 
7 0.00000 00000 00000 00000 02 

r Erk k 28 r krmk aC 29 

O 0.00000 00000 00000 00015 56 0 0.00000 00000 00000 00009 18 
1 0.00000 00000 00000 00056 10 1 -0.00000 00000 00000 00018 15 
2 -0.00000 00000 00000 00015 27 2 -0.00000 00000 00000 00009 62 
3 -0.00000 00000 00000 00006 60 3 0.00000 00000 00000 00002 12 
4 o0.00000 00000 00000 00000 83 4 000000 00000 00000 00000 51 
5 o000000 00000 00000 00000 20 5 -000000 00000 00000 00000 07 
6 -0.00000 00000 00000 00000 02 6 -0.00000 00000 00000 00000 01 
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TALl 3 (Qonoluded) 

Co*fftotonta In tho ZanoIon of 

I(Z)a (2 V lo > Xk(V)T*(8/S) , a Z 8 

agk(z) "r" 
T ;(z) a 0 

r rkk I a 30 P krk* s 31 

0 -0.00000 00000 00000 00003 95 0 -0,00000 00000 00000 00001 24 
1 -0 00000 00000 00000 0000 40 1 0*00000 00000 00000 00004 55 
2 0.00000 00000 00000 00003 95 2 0.00000 00000 00000 00001 32 
3 0.00000 00000 00000 00000 99 3 -0000 00000 00000 00000 53 
4 -0.0O000 00000 00000 00000 21 4 -0.00000 00000 00000 00000 07 

-0.00000 00000 00000 00000 03 ? 0.00000 00000 00000 00000 02 

r r, k = 32 r Ir ka33 

0 0.Q0000000 0 00000 0 000 94 0 0.00000 00000 00000 00000 09 
1 0.00000 00000 00000 00000 97 1 -0.00000 00000 00000 00001 05 
2 -0.00000 00000 00000 00000 96 2 -0.00000 00000 00000 00000 11 
3 -0.00000 00000 00000 00000 11 3 0.00000 00000 00000 00000 12 
4 0.00000 00000 00000 0000 05 4 0.00000 00000 00000 00000 01 

r Erk v 34 r 1 t* l a 35 

0 -0*0000 00000 000 00r 21 0 00k000 00000 00000 00000 02 
0 -0.00000 00000 00000 00000 01 1 0.00000 00000 00000 00000 22 
2 0.00000 00000 00000 00000 21 2 -0o00000 00000 00000 00000 02 
3 0.00000 00000 00000 00000 00 3 -0.00000 00000 00000 00000 03 
4 -0.00000 00000 00000 00000 01 

r it J,ks 36 r Br #k a 37 

0 0,00000 00000 00000 00000 04 0 -000000 00000 00000 00000 01 
1 -0.00000 00000 00000 00000 04 1 -0.00000 00000 00000 00000 04 
2 -0.00000 00000 00000 00000 04 2 0.00000 00000 00000 00000 01 

r 

9r,0 0 000 

38 

0r,k' 

k a 39 

O 
-0.00000 00000 00000 00000 01 

Thb ooefficlnts for k = 39 
1 o0.0000 00000 00000 00000 02 ar all zero to 22 deonasla. 
2 0O0000 0000 00000 00000 01 

r }rk k = 40 

0 0.00000 00000 00000 00000 00 
1 -0.00000 00000 00000 00000 01 30-B 
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